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The oscillations are accompanied by radiation characterizing the soliton transition from excited to stationary state.
Besides temporal solitons described by the cubic NLSE, a growing interest in spatial solitary waves is currently observed. 2 Usually, spatial self-trapping occurs for relatively large powers and, therefore, a nonlinearity-induced change in the refractive index does not follow the Kerr law. It has been established that non-Kerr solitary waves possess many interesting properties. In particular, as was observed in numerical simulations for the threshold 3 and competing power-law 4 nonlinearities, solitary waves can display almost undamped long-lived oscillations of the amplitude and the width, i.e., they can breathe. These oscillations are very different from the transiting oscillations of the cubic nonlinear Schrödinger soliton mentioned above; e.g., they do not damp down, almost no radiation is emitted, and the oscillation amplitude can even be comparable with the soliton amplitude. Since the models of non-Kerr media are known to support no multisoliton solutions, the existence of these long-lived breathing solitons is surprising. All previous attempts to explain such an oscillating dynamics were either phenomenological 3 or were restricted by the vicinity of the instability threshold 4 or a very special type of logarithmic nonlinearity. 5 It remains unclear whether the existence of breathing solitons is a generic feature of all non-Kerr media and, if it is not, how to predict when a particular nonlinearity can support breathing solitary waves and how the existence of the breathing mode will affect the beam propagation in non-Kerr media observed in experiment.
In this Letter we suggest an approach based on the concept of the soliton internal mode 6 that allows one to find the region of existence, oscillating frequency, and conditions for excitation of breathing solitary waves. We also discuss the possible manifestation of breathing solitary waves in experiments. As an example, we consider the cubic-quintic nonlinearity, mainly because it possesses explicit analytical solutions for solitary waves and also because it allows one to demonstrate that even a small correction to the Kerr nonlinearity can lead to the generation of long-lived soliton oscillations.
We consider the generalized NLSE in the normalized form
where z is the propagation distance, x is the transverse spatial coordinate, and c is the complex amplitude of the electric f ield. Real function F ͑jcj 2 ͒ accounts for the type of nonlinearity, which we take in the normalized form F ͑jcj 2 ͒ 4jcj 2 1 3sjcj 4 , so that the quintic term describes a correction to the Kerr law. Then, Eq. (1) is known to possess an explicit (stable) solution for solitary waves, c s ͑x, z͒ F͑x͒exp͑ibz͒, where
For s 11 (focusing quintic) the solitary wave [Eq. (2)] exists for any b . 0, whereas for s 21 (defocusing quintic) it exists only for 0 , b , 1.
To understand the origin of long-lived oscillations of solitary waves, we analyze the corresponding linear excitations of the soliton by applying the following ansatz:
Linearizing Eq. (1) yields the system of equations for U ͑x͒ and W ͑x͒:
System (4) is an eigenvalue problem, where V stands for an eigenvalue and the functions U ͑x͒ and W ͑x͒ are two components of a vector eigenfunction. In general, the frequency V may be complex, and then its imaginary part generates a soliton instability. However, solitary waves of the cubic -quintic nonlinearity are stable, 7 and therefore it can be shown that V and localized eigenfunctions U ͑x͒ and W ͑x͒ are all real.
Without the quintic term, i.e., for the integrable cubic NLSE, solutions to system (4) can be found analytically. 8 They exist for any jVj . b, whereas there exist no solutions in the spectrum gap, jVj , b. The eigenfunctions are always nonlocalized, and they correspond to linear waves. This result means that any small perturbation of the soliton should transform into two components. The f irst describes a change in the stationary shape of a solitary wave and is associated with a shift of the soliton propagation constant. The second component corresponds to linear waves radiating from the soliton. Eventually, a stationary state with a renormalized amplitude emerges.
When the cubic nonlinearity is corrected by a quintic term, the dynamics becomes more complex. To analyze the dynamics, we solve system (4) numerically, applying a shooting technique. We f ind that for s 11 an additional (discrete) eigenvalue V V 0 appears (with its symmetric counterpart, V 2V 0 ), and it lies inside the spectrum gap, V 0 , b. Functions U ͑x͒ and W ͑x͒, which correspond to this eigenvalue, decay exponentially for large x (see Fig. 1 ). Thus, in this model any small perturbation of a soliton should transform into three components: localized correction to the stationary shape of the solitary wave and the radiation (those are the same as for the Kerr solitons) and the soliton internal mode, which manifests itself as periodic oscillations of the soliton width and amplitude. This mode is associated with a novel (discrete) eigenvalue of the linearized problem of system (4).
Our numerical calculations for the solitary waves of the cubic -quintic NLSE covered a wide range of b, from 0.2 to 10 7 . It was found that for any b function W ͑x͒ is single peaked, whereas function U ͑x͒ has two zeros (see Fig. 1 ), so these functions indeed resemble the fundamental and the second modes, respectively, of an effective (anisotropic) waveguide created by the solitary wave. 3 However, such similarity is remote, since two different modes of a linear waveguide have different propagation constants, whereas both U ͑x͒ and W ͑x͒ correspond to the same V 0 . Figure 2 (a) shows the ratio V 0 ͞b versus the soliton propagation constant b. As can be seen, mode frequency V 0 bifurcates from the continuous spectrum for b , , 1 (Kerr limit) and decays for b !`. An important property of localized solutions U ͑x͒ and W ͑x͒ is the ratio of the mode width to the width of the solitary wave. As can be seen from Fig. 2(b) , mode width w mode remains close to soliton width w s for a wide region of b, whereas the mode becomes much wider near the bifurcation point when b , , 1.
For all real V, U ͑x͒, and W ͑x͒, the solitary wave with an excited internal mode can be presented as c͑x, z͒ ͓F͑x͒ 1 2U͑x͒cos͑V 0 z͒ 2 2iW ͑x͒sin͑V 0 z͔͒exp͑ibz͒. This presentation helps us to discuss the necessary requirements for a soliton perturbation dc that can directly excite an internal mode. First, such a perturbation should be symmetric with respect to x, as both U ͑x͒ and W ͑x͒ are. Second, the real part of the perturbation, Re͑dc͒, should resemble function U ͑x͒, and its imaginary part, Im͑dc͒, should be single peaked.
Now we can see that simply increasing (or scaling) the soliton amplitude as in Ref. 1 does not lead directly to excitation of an internal mode even if such a mode exists, because this perturbation is single peaked and real. This type of perturbation leads mainly to a shift of the soliton propagation constant. To excite an internal mode alone, one needs a single-peaked imaginary or real perturbation that has a form close to that of two-hump function U ͑x͒. Nevertheless, scaling of the soliton amplitude still leads to the excitation of the internal mode indirectly, provided that it exists.
In contrast, for s 21 the discrete eigenvalue of the linear problem of system (4) does not appear, and in this case long-lived oscillations of the soliton width and amplitude are not expected.
To illustrate our conclusions, in Fig. 3 we show two distinct types of evolution of the soliton peak intensity when the soliton amplitude is perturbed by 10% of its value. For s 11 [ Fig. 3(a) ], this perturbation excites a long-lived periodic variation of the soliton peak intensity and width. Note that for b 5 the widths of the soliton and the internal mode are of the same order, and amplitude scaling easily excites oscillations. However, no soliton internal mode exists for s 21, and that is why the initial oscillations decay rapidly for any value of b. An example for b 0.8 is shown in Fig. 3(b) , where a shift of the soliton peak intensity owing to the perturbation can also be clearly seen.
We emphasize an important consequence of the existence of the soliton internal mode, which can be observed experimentally. Indeed, because the period of the internal oscillations depends on the total power of the beam [see Fig. 2(a) ], we expect that the output width of the solitary wave created by an input beam at a fixed propagation distance will depend nomonotonically on the beam input power. Figure 4 shows two examples of the dependence of the output beam width on the input power for the scaled soliton, i.e., the input beam of the form c͑x, 0͒ AF͑x͒ with A fi 1. This dependence indeed becomes oscillatory for the case in which the soliton internal mode exists, excited by the input beam (thin curve), whereas it is almost a straight line for the other case, when the soliton internal mode does not exist (thick curve).
In conclusion, we have analyzed linear excitations of solitary waves in non-Kerr media and revealed the remarkable role played by the soliton internal mode. In particular, for the focusing quintic nonlinearity, the soliton internal mode was found to exist, making possible a simple explanation for the numerically observed breathing solitons, namely, solitary waves with longlived oscillations of width and amplitude.
